Abstract. We construct the homogeneous Einstein equation for generalized flag manifolds G/K of a compact simple Lie group G whose isotropy representation decomposes into five inequivalent irreducible Ad(K)-submodules. To this end we apply a new technique which is based on a fibration of a flag manifold over another flag manifold and the theory of Riemannian submersions. We classify all generalized flag manifolds with five isotropy summands, and we use Gröbner bases to study the corresponding polynomial systems for the Einstein equation. For the generalized flag manifolds E 6
Introduction

A Riemannian manifold (M, g) is called Einstein if it has constant
Ricci curvature, i.e. Ric g = λ · g for some λ ∈ R. We are concerned with homogeneous Einstein metrics on reductive homogeneous spaces whose isotropy representation decomposes into a direct sum of irreducible non equivalent summands. Then the Einstein equation reduces to a non linear algebraic system of equations. The computation of the Ricci tensor is in general a difficult task, especially when the number of isotropy summands increases. In this paper we introduce a method for computing the Ricci tensor for a homogeneous space via Riemannian submersions, and we apply this for a large class of homogeneous spaces the generalized flag manifolds. These are compact homogeneous spaces of the form G/K = G/C(S), where G is a compact, connected semisimple Lie group and C(S) is the centralizer of a torus S ⊂ G. These spaces exhaust all compact simply connected homogeneous Kähler manifolds of a compact, connected and semisimple Lie group. Their classification is based on the painted Dynkin diagrams (cf. [Ale1] , [AlAr] ) and their Kähler geometry is very interesting on its own right (cf. [AlPe] , [Bor] ). For example, M = G/K = G/C(S) admits a finite number of invariant complex structures, and for each complex structure there is a unique homogeneous Kähler-Einstein metric.
Nowadays, homogeneous Einstein metrics on flag manifolds have been better understood. They have been completely classified for any flag manifold M = G/K (of a compact simple Lie group G) with two ([ACh2] , [Sak1] ), three ( [Arv] , [Kim] ) and four isotropy summands ([ACh3] , [ACS1] , [ACS2] ). For full flag manifolds corresponding to classical Lie groups the existence problem has also been studied by several authors (cf. [Arv] , [DSN] , [Sak2] ), but a full classification is still unknown, except for some low dimensional cases. On the other hand, in a recent work of the authors ( [ACS4] ) all G 2 -invariant Einstein metrics were obtained on the exceptional full flag manifold G 2 /T (a homogeneous space with six isotropy summands). However, we are still far from general results and a complete classification of invariant Einstein metrics seems to be difficult (by means of the traditional methods).
In the present paper we classify flag manifolds whose isotropy representation decomposes into five irreducible Ad(K)-submodules
The second author was full-supported by Masaryk University under the Grant Agency of Czech Republic, project no. P 201/12/G028. and use the new method to compute the Ricci tensor for each of these spaces. Then we study the existence of non Kähler Einstein metrics. The first results about Einstein metrics on flag manifolds with five isotropy summands were obtained in a recent work of the second author [Chr2] , where he studied SO(7)-invariant Einstein metrics for flag manifolds of the form SO(7)/K. Also, in [ChSa] the last two authors classified all homogeneous Einstein metrics for the (unique) exceptional flag manifold G/K with second Betti number b 2 (M ) = 1, whose isotropy representation satisfies (1). This flag manifold corresponds to G = E 8 . As we will see in this paper there are also flag manifolds with five isotropy summands with b 2 (M ) = 2. In fact the cases b 2 (M ) = 1 or b 2 (M ) = 2 exhaust all flag manifolds with five isotropy summands, both classical and exceptional.
Recall that any flag manifold G/K of a compact simple Lie group G is determined by a choice of a pair (Π, Π 0 ), where Π is a system of simple roots for G and Π 0 ⊂ Π. By painting black the nodes in the Dynkin diagram Γ(Π) of G corresponding to the simple roots of the set Π\Π 0 , we obtain the painted Dynkin diagram of G/K. The semisimple part of the reductive subgroup K is obtained by the subdiagram of white roots, and any black root gives rise to a U(1)-component (the U(1)-components form the center of K whose dimension is equal to the second Betti number of M , see Section 3). In terms of painted Dynkin diagrams, flag manifolds G/K of a simple Lie group G whose tangent space m = T o (G/K) decomposes as (1) can be obtained as follows: We call the pairs (Π, Π 0 ) arising form cases (b) and (c) as pairs of Type A and Type B respectively. We will use the same name for the corresponding painting Dynkin diagrams and for the flag manifolds determined by them. According to [ACh3, Propositions 5 and 6] if M = G/K is of Type A or B then the corresponding isotropy decomposition is given as follows: In Table 1 we give the pairs (Π, Π 0 ) of Type A and B, which determine flag manifolds G/K with m = m 1 ⊕ · · · ⊕ m 5 . The explicit form of these flag manifolds is given in Table 2 . Table 1 . Pairs (Π, Π0) of Type A and B which determine flag manifolds with five isotropy summnads Classical Lie group G B ℓ = SO(2ℓ + 1) D ℓ = SO(2ℓ) Type A Π\Π0 = {α1, αp+1 : 2 ≤ p ≤ ℓ − 1} Π\Π0 = {α1, αp+1 : 2 ≤ p ≤ ℓ − 3} Type B Π\Π0 = {αp, αp+1 : 2 ≤ p ≤ ℓ − 1} Π\Π0 = {αp, αp+1 : 2 ≤ p ≤ ℓ − 3} Exceptional Lie group G E6 E7 Type A Π\Π0 = {α1, α4} Π\Π0 = {α1, α7} Type A Π\Π0 = {α2, α5} Type B Π\Π0 = {α4, α6} Π\Π0 = {α6, α7} Type B Π\Π0 = {α2, α6}
1 The Dynkin mark of a simple root α i ∈ Π (i = 1, . . . , ℓ) is the positive integer m i in the expression of the highest root α = ℓ k=1 m k α k in terms of simple roots. We will denote by Mrk the function Mrk : Π → Z + , α i → m i .
For any Lie group G which appears in Table 1 , one can see that the flag manifolds G/K of Type A and B are equivalent to each other (since the isotropy subgroups are conjugate).
2 In fact, in Section 4 we will prove that there is an isometry arising from the action of the Weyl group of G and makes the corresponding flag manifolds G/K of Type A and B isometric to each other, as real manifolds. For this reason there are only four non isometric flag manifolds (as real manifolds) with b 2 (M ) = 2 with five isotropy summands as shown in Table 2 . Table 2 . Generalized flag manifolds with five isotropy summands and b2(M ) = 2 M = G/K classical M = G/K exceptional SO(2ℓ + 1)/ U(1) × U(p) × SO(2(ℓ − p − 1) + 1) E6 / SU(4) × SU(2) × U(1) 2 SO(2ℓ)/ U(1) × U(p) × SO(2(ℓ − p − 1)) E7 / SU(6) × U(1)
The classification of flag manifolds with five isotropy summands is given in Section 4. The main difficulty in constructing the Einstein equation for a G-invariant metric on a flag manifold in Table 2 is the calculation of the non zero structure constants k ij of G/K with respect to the decomposition (1) (see Section 2). A first step towards this procedure is to use the known Kähler-Einstein metric on any flag manifold. This metric can be computed by using the Koszul formula (see Section 5). Secondly, and this is the main contribution of the present paper, we take advantage of a fibration of a flag manifold over another flag manifold and use methods of Riemannian submersions to compare Ricci tensors of total space and base space. In this way we are able to calculate k ij in terms of the dimension of the submodules m i in the decomposition (1). We point out that this new technique can be useful for the study of homogeneous Einstein metrics for more general homogeneous spaces, whose isotropy representation satisfies certain conditions. In this way the Einstein equation reduces to a polynomial system of four equations in four unknowns. For the exceptional flag manifolds we classify all homogeneous Einstein metrics. For the classical flag manifolds a complete classification of homogeneous Einstein metrics in the general case is a difficult task, because the corresponding systems of equations depend on four positive parameters (which define the invariant Riemannian metric), the Einstein constant λ > 0 and the positive integers ℓ and p. However, by using Gröbner bases we can show that the equations are reduced to a polynomial equation of one variable and then prove the existence of non Käler Einstein metrics. In fact, this is another contribution of the present paper, because we prove existence of real solutions for polynomial equations whose coefficients depend on parameters (ℓ and p). The paper is organized as follows: In Section 2 we discuss G-invariant metrics on homogeneous spaces G/K and compare them with Riemannian submersion metrics for a fibration L/K → G/K → G/L. Then we give expression for the Ricci tensor for a submersion metric. In Section 3 we recall various facts about generalized flag manifolds which will be used in Section 4 for the classification of such spaces with five isotropy summands. Combined with the work [ChSa] these spaces are E 8 /(U(1) × SU(4) × SU(5)) with second Betti number 1 and the spaces in Table 2 with second Betti number 2. In Section 5 we give the Kähler-Einstein metrics for flag manifolds with five isotropy summands and in Section 6 we compute the Ricci tensor for these spaces by using our method of Riemannian submersions and the known Kähler-Einstein metrics. Section 7 is devoted to the study of the algebraic systems of equations by using Gröbner bases techniques.
Theorem A. Let M = G/K be one of the flag manifolds E 6 /(SU(4) × SU(2) × U(1) × U(1)) or E 7 /(U(1) × U(6)). Then M admits exactly seven G-invariant Einstein metrics up to isometry. There are two Kähler-Einstein metrics and five non-Kähler Einstein metrics (up to scalar). These metrics are given in Theorems 7.1 and 7.2. Theorem B. Let M = G/K be one of the flag manifolds
. Then M admits at least two G-invariant non-Kähler Einstein metrics (cf. Theorem 7.3).
2 Two flag manifolds G/K and G/K ′ are called equivalent if there exists an automorphism φ ∈ Aut(G) such that φ(K) = K ′ .
Such an automorphism defines a diffeomorphismφ :
. Then M admits at least four G-invariant non-Kähler Einstein metrics (cf. Theorem 7.4).
Note that the special case ℓ = 3, p = 2 (the space SO(7)/ U(1) × U(2)) was studied among other results in [Chr2] . This flag manifold admits (up to isometry) precisely three non-Kähler Einstein metrics and precisely two Kähler-Einstein metrics. For small values of ℓ and p it is possible to obtain the precise number of all non isometric invariant Einstein metrics. We discuss this at the end of the paper (cf. Table 4 ).
Reductive homogeneous spaces and Riemannian submersions
In this section we describe the Einstein equation for any G-invariant metric on a compact reductive homogeneous manifold G/K, and give expression of the Ricci tensor of a submersion metric associated to a certain fibration G/K → G/L. This expression will be used in Chapter 6 to calculate k ij for flag manifolds with five isotropy summands.
2.1. The Ricci tensor for a reductive homogeneous spaces. Let G be a compact semisimple Lie group, K a connected closed subgroup of G and let g and k be the corresponding Lie algebras. The Killing form of g is negative definite, so we can define an Ad(G)-invariant inner product B on g given by B = − Killing form of g. Let g = k ⊕ m be a reductive decomposition of g with respect to B so that [ k, m ] ⊂ m and m ∼ = T o (G/K). We assume that m admits a decomposition into mutually non equivalent irreducible Ad(K)-modules as follows:
Then any G-invariant metric on G/K can be expressed as
for positive real numbers (x 1 , · · · , x q ) ∈ R q + . Note that G-invariant symmetric covariant 2-tensors on G/K are of the same form as the Riemannian metrics (although they are not necessarilly positive definite). In particular, the Ricci tensor r of a G-invariant Riemannian metric on G/K is of the same form as (3), that is
for some real numbers y 1 , . . . , y q .
Let {e α } be a B-orthonormal basis adapted to the decomposition of m, i.e. e α ∈ m i for some i, and α < β
αβ e γ and set
, where the sum is taken over all indices α, β, γ with e α ∈ m i , e β ∈ m j , e γ ∈ m k (cf. [WaZi] ). Then the positive numbers k ij are independent of the B-orthonormal bases chosen for m i , m j , m k , and
Then we have the following:
Lemma 2.1. ( [PaSa] ) The components r 1 , . . . , r q of the Ricci tensor r of the metric , of the form (3) on G/K are given by
where the sum is taken over i, j = 1, . . . , q.
Since by assumption the submodules m i , m j in the decomposition (2) are matually non equivalent for any i = j, it will be r(m i , m j ) = 0 whenever i = j. Thus by Lemma 2.1 it follows that G-invariant Einstein metrics on M = G/K are exactly the positive real solutions g = (x 1 , . . . , x q ) ∈ R q + of the polynomial system {r 1 = λ, r 2 = λ, . . . , r q = λ}, where λ ∈ R + is the Einstein constant.
2.2. Riemannian submersions. Let G be a compact semisimple Lie group and K, L two closed subgroups of G with K ⊂ L. Then there is a natural fibration π :
Let p be the orthogonal complement of l in g with respect to B, and q be the orthogonal complement of
The orthogonal direct sum for these scalar products on q ⊕ p defines a G-invariant metric g on G/K, called submersion metric.
Theorem 2.2. [Be, p. 257] The map π is a Riemannian submersion from (G/K, g) to (G/L,ǧ) with totally geodesic fibers isometric to (L/K,ĝ).
Note that q is the vertical subspace of the submersion and p is the horizontal subspace. For a Riemannian submersion, O'Neill [ON] has introduced two tensors A and T . Since in our case the fibers are totally geodesic it is T = 0. We also have that
Let {X i } be an orthonormal basis of p and {U j } be an orthonormal basis of q. For X, Y ∈ p we put
Let r,ř be the Ricci tensors of the metrics g,ǧ respectively. Then we have ( [Be, p. 244] )
We remark that there is a corresponding expression r(U, V ) for vertical vectors, but it does not contribute additional information in our approach. Let
be a decomposition of p into irreducible Ad(L)-modules and a decomposition of q into irreducible Ad(K)-modules respectively, and assume that the Ad(L)-modules p j (j = 1, · · · , ℓ) are mutually non equivalent. Note that each irreducible component p j as Ad(L)-module can be decomposed into irreducible Ad(K)-modules. To compute the values k ij for G/K, we use information from the Riemannian submersion
for positive real numbers y 1 , · · · , y ℓ , z 1 , · · · , z s . Then we decompose each irreducible component p j into irreducible Ad(K)-modules
where the Ad(K)-modules m j,t (j = 1, · · · , ℓ, t = 1, · · · , k j ) are mutually non equivalent and are chosen to be (up to reordering) submodules from the decomposition (2). Then the submersion metric (7) can be written as
and this is a special case of the G-invariant metric (3).
whereř j are the components of Ricci tensorř for the metricǧ on G/L.
Proof. Let {e (j,t) α , e (with e (j,t) α ∈ m j,t and e
is an orthonormal basis of p ⊕ q for the metric g. Then, by using equations (5) and (6), we obtain that
.
is an orthonormal basis of m j,t , we obtain our claim.
Notice that when metric (7) is viewed as a metric (3) then the horizontal part of r (j, t) equals toř j (j = 1, . . . , ℓ), i.e. it is independent of t.
Generalized flag manifolds
We recall some facts about generalized flag manifolds, concerning painted Dynkin diagrams, isotropy representation and t-roots. For simplicity we work with simple Lie algebras and groups (the results in the semisimple case are obtained by piecing together the simple factors).
3.1. Description of flag manifolds in terms of painted Dynkin diagrams. Flag manifolds can be described in terms of root systems as follows: Let G be a compact connected simple Lie group with Lie algebra g, and let h a maximal abelian subalgebra of g. We denote by g C and h C their complexifications and we assume that dim C h C = l = rankG. We identify an element of the root system ∆ of g C with respect to the Cartan subalgebra h C with an element of h 0 = √ −1h, by the duality defined by the Killing form of g C . This means that for any α ∈ ∆ we can define
and let Π = {α 1 , . . . , α l } be a system of simple roots ∆. We denote by {Λ 1 , . . . , Λ l } the fundamental weights of g C corresponding to Π,
Let Π 0 be a subset of Π and set Π m = Π\Π 0 = {α i1 , . . . , α ir }, where
where {Π 0 } Z denotes the set of roots generated by Π 0 with integer coefficients (this is a the subspace of h 0 ). Then ∆ 0 is a root subsystem of ∆, which means that for any α, β ∈ ∆ 0 with α + β ∈ ∆ it is also α + β ∈ ∆ 0 . Thus ∆ 0 generates a maximal complex reductive Lie subalgebra k
, where z is the center of k C and k
is its semisimple part. In fact, ∆ 0 is the root system of k C ss , and Π 0 is the correpsonding system of simple roots. Thus we can obtain the decomposition k
Note that the center z (always non trivial) can be considered as the orthogonal complement of h Note that ∆ m is not a root system in general. Choose a system of positive roots ∆ + for g C with respect to Π and set ∆ Ale1, p. 16] ) and the subalgebra
is a parabolic subalgebra of g C , since it contains the Borel subalgebra
It is known that any parabolic subalgebra is conjugate to a subalgebra of the form p Π0 for some subset Π 0 ⊂ Π, (cf. [Ale1] , [GOV] ). Note that the cases Π 0 = ∅ and Π 0 = Π define the spaces b and g C respectively. In this way we can construct a flag manifold M = G C /P , where G C is the simply connected complex simple Lie group whose Lie algebra is g C and P ⊂ G C is the parabolic subgroup generated by p Π0 . Since P is always connected, the flag manifold is a (compact) simply connected complex homogeneous manifold. The real representation M = G/K = G/C(S) is obtained by the transitive action of G on M = G C /P , where the close connected subgroup K = P ∩ G is identified with the centralizer C(S) of a torus S ⊂ G (cf. [Ale1] , [GOV] ). Thus we always have rk G = rk K.
Fix now a Weyl basis
where N α, β = N −α, −β ∈ R. Then we have
The Lie algebra k = p Π0 ∩ g of the isotropy subgroup K is a Lie subalgebra of g, given by
As a real reductive subalgebra, k decomposes into a direct sum of its center t and its semisimple part [k, k] .
where ( , ) denotes the inner product on h 0 (or on the dual space h * 0 ) induced by the Killing form and z is the center of k C . One can also show that the fundamental weights {Λ i1 , · · · , Λ ir } form a basis of t and that t is a real form of z. If we set s = √ −1t then k is given by k = z(s) (the Lie algebra of the centralizer of a torus S in G).
All information which is contained in the pair (Π, Π 0 ) can be presented graphicaly by the painted Dynkin diagram of M = G C /P = G/K, which is defined as follows:
The isotropy subgroup K can be determined from the painted Dynkin diagram Γ(Π m )as follows: its semisimple part is defined by the subdiagram of white roots (which is not necessarily connected), and each black root gives rise to a U(1)-component which determines the center Z(K) of K. We will often make use of the diffeomorphism SU(n) × U(1) ∼ = U(n).
3.2. Isotropy summands, t-roots and G-invariant Riemannian metrics. Following the notation of the previous paragraph, we assume that a flag manifold M = G C /P = G/K is defined by a subset Π 0 ⊂ Π, such that Π m = Π\Π 0 = {α i1 , . . . , α ir }, where 1 ≤ i 1 < · · · < i r ≤ l, and let g = k ⊕ m be a reductive decomposition of the Lie algebra g with respect B. We identify the isotropy representation χ : K → GL(m) of G/K with the adjoint representation Ad | K restricted to m. In view of relations (11), (12) and the splitting ∆
Thus a basis of m consists of the vectors
For integers j 1 , . . . , j r with (j 1 , . . . , j r ) = (0, . . . , 0) we set
Then it is ∆
Thus we have a decomposition of m into mutually non equivalent irreducible Ad
We consider the restriction map κ : h * 0 → t * , α → α| t and note that this is a linear map. We set
Definition 3.3. The elements of ∆ t are called t-roots.
and thus a basis of m C is given by the root vectors [AlPe] ) There exists a 1-1 correspondence between t-roots ξ and irreducible submodules m ξ of the Ad G (K)-module m C given by
By using Proposition 3.4 and the definition of t-roots, it follows that the Ad G (K)-module m C admits the decomposition m C = ξ∈∆t m ξ . If we denote by ∆ + t the set of all positive t-roots (this is the restricton of the root system ∆ + under the map κ), then the nilradical is given by r = ξ∈∆ + t m ξ . In order to obtain a decomposition of the real Ad(K)-module m in terms of t-roots, we use the complex conjugation τ of g C with respect to g (note that τ interchanges g C α and g C −α ). For a complex subspace W of g C we denote by W τ the set of all fixed points of τ . Then
Let ∆ + t = {ξ 1 , . . . , ξ q }. Then Proposition 3.4 and relations (13), (14) imply that each real irreducible
corresponding to the positive t-root ξ i is given by
The results obtained in the previous discussion are summarized in the following:
There exists a natural one-to-one correspondence between elements of the set ∆ m (j 1 , . . . , j r ) = ∅ and the set of positive t-roots ∆ + t = {ξ 1 , . . . , ξ q }. Thus there is a decomposition of m into q mutually non-equivalent irreducible Ad(K)-modules
for appropriate positive integers j 1 , . . . , j r .
2) The dimensions of the real Ad(K)-modules m i (i = 1, . . . , q) corresponding to the t-root
for positive real numbers x ξ , x ξi , x j1···jr . Thus G-invariant Riemannian metrics on M = G/K are parametrized by q real positive parameters.
We now show how we can find explicitly the set of t-roots
This set is a basis of t * in the sense that any t-root can be written as a linear combination of its elements with integer coefficients of the same sign. In particular, by using the fact that κ(∆ 0 ) = 0 we have that
Here the positive integers k ij satisfy 0 ≤ k ij ≤ m ij , where m ij is the Dynkin mark of the simple root α ij ∈ Π m , and are not simultaneously zero. Therefore, by using the expressions of the complementary roots in terms of simple roots, and applying formula (17), we can easily determine all positive t-roots. Elements of Π t are called simple t-roots and they generalize the notion of simple roots (this means that a simple t-root κ(α ij ) = α ij | t = α ij ∈ Π t is a positive t-root, which can not be written as the sum of two positive t-roots).
and thus M is of Type B (cf. Introduction). We will show that m = T o M decomposes into a direct sum of six pairwise inequivalent Ad(K)-submodules, thus M does not appear in Table 2 . Following the notation of [AlAr, p. 3781] , we consider an orthonormal basis of R ℓ given by {e
Then a system of positive roots for C ℓ is given by
A basis of simple roots is given by
The root system of the semisimple part of the isotropy subgroup K is given by
thus the positive complementary roots are ∆
Here the coefficients c p , c p+q are such that 0 ≤ c p , c p+q ≤ 2, and they are not 3 We denote by |S| the cardinality of a finite set S.
simultaneously equal to zero. In particular, by expressing the positive complementary roots in terms of the simple roots we obtain that
Thus the set of t-roots is given by ∆ + t = {α p , α p+q , α p + α p+q , 2α p+q , α p + 2α p+q , 2α p + 2α p+q } and according to Proposition 3.5 (1) we obtain the decomposition
) with four isotropy summands, since in this case the t-roots are given by ∆
4. Flag manifolds with five isotropy summnads 4.1. On the isotropy represantation of flag manifolds. Proposition 3.5 provides all the necessary ingredients for the classification of flag manifolds with a certain number of isotropy summands. However, we essentially need to work on a case by case basis, which means that in the Dynkin diagram Γ(Π) of each simple Lie group G we need to paint black all possible combinations of roots of certain Dynkin marks. A systematic approach for flag manifolds determined by a classical Lie group is given in [Ale2] , but be aware of certain misprints. Recall that isotropy irreducible flag manifolds are the isotropy irreducible Hermitian symmetric spaces of compact type, and are determined by painting black exactly one simple root of Dynkin mark 1. Flag manifolds with two isotropy summnads were classified in [ACh1] . These spaces are determined by pairs (Π, Π 0 ) such that Π\Π 0 = {α p : Mrk(α p ) = 2}. Flag manifolds with three isotropy summands were classified in [Kim] , where it was shown that such spaces are defined by pairs (Π, Π 0 ) with that Π\Π 0 = {α p : Mrk(α p ) = 3} or Π\Π 0 = {α i , α j : Mrk(α i ) = Mrk(α j ) = 1}. Finally, the classification of all flag manifolds with four isotropy summands was given in [ACh3] , where it was shown that such spaces are determined by pairs (Π, Π 0 ) such that Π\Π 0 = {α p : Mrk(α p ) = 4} or Π\Π 0 = {α i , α j : Mrk(α i ) = 1, Mrk(α j ) = 2} (however the correpsondence with the second type of pairs is not one-to-one, see the Introduction).
In this section we will prove that the only generalized flag manifolds G/K (different from the space E 8 / U(1) × SU(4) × SU(5)), whose isotropy representation decomposes into five isotropy summands are the spaces determined by the pairs (Π, Π 0 ) of Types A and B presented in Table 1 in the Introduction. Furthermore, we will show that these pairs define isometric flag manifolds (as real manifolds), in the sense that there is an isometry which permutes the associated isotropy summands and identifies the different reductive decompositions (which are defined by the different pairs (Π, Π 0 )). Therefore, our study focuces at the spaces listed in Table 2 . This isometry (which is induced by the action of the associated Weyl group on the root system of G) enables us to study the classification problem of homogeneous Einstein metrics only for one possible pair (Π, Π 0 ), therefore we will only work with flag manifolds of Type A.
4.2. The classification of flag manifolds with five isotropy summnads. As mentioned in the Introduction, all flag manifolds of Types A and B are such that b 2 (M ) = 2, which means that Π m = Π\Π 0 contains only two simple roots. For convenience of the reader in Table 3 we present all possible pairs (Π, Π 0 ) which determine flag manifolds with b 2 (M ) = 2 (for completeness we also include those which determine flag manifolds with b 2 (M ) = 1). In this table, the first column contains the first Betti number, the second column indicates the Dynkin marks of the roots painted black, the third column shows the number q of isotropy summands of the flag manifolds obtained (in some cases there are more than one possibilities), the fourth column shows for which Lie groups can arise such pairs (and thus such flag manifolds), and the last column gives references for the homogeneous Einstein metrics on the corresponding spaces. 
Mrk ( In order to show that flag manifolds with five isotropy summnands (different from the space E 8 / U(1) × SU(4) × SU(5) with b 2 (M ) = 1) are determined only by the pairs (Π, Π 0 ) presented in Table 1 of the Introduction, we proceed into two steps. First we show that the spaces determined by the pairs in Table  1 have in fact five isotropy summands. Next, we prove that the other existing pairs (Π, Π 0 ) of Type B determine flag manifolds whose positive t-root system ∆ + t contains more than five elements. Note that pairs of Type A are excluded form the study due to [ACh3, Prop. 5 ] and the first step. All other pairs (Π, Π 0 ) such that Π\Π 0 = {α i , α j } and different from Types A and B can be treated in a similar manner, so we refer to [ACh3, Prop. 6 ] for further details and Table 3 the final results.
We need the following useful Lemma 4.1. Generalized flag manifolds M = G/K with b 2 (M ) ≥ 3 have more than five isotropy summands.
Proof. At first we consider the case of b 2 (M ) = 3 and the simple Lie groups A ℓ . We assume that the subset Π 0 ⊂ Π is such that Π m = Π\Π 0 = {α i , α j , α k } where i, j, k are different each other. Then t is 3-dimensional and a t-basis is given by
m be a positive complementary root. Then, by applying (17) we conclude that any positive t-root is given by κ(α) = c i α i + c j α j + c k α k , where 0 ≤ c i , c j , c k ≤ 1 cannot be simultaneosuly equal to zero and we see that the system ∆ + t consists of the t-roots
Thus |∆ + t | = 6 and m = T o M decomposes into more than five isotropy summands. If b 2 (M ) > 3, then the system ∆ + t contains the t-roots of the form 
Thus flag manifolds with five isotropy summands are determined by pairs (Π, Π 0 ) with |Π \ Π 0 | = 2.
Proposition 4.2. Let G be a compact connected simple Lie group and let Π = {α 1 , . . . , α ℓ } be a system of simple roots of the associated root system of G. Consider a subset Π 0 ⊂ Π of simple roots, such that Π\Π 0 contains exactly two simple roots. Then, the only pairs (Π, Π 0 ) which determine flag manifolds G/K whose isotropy representation decomposes into five pairwise inquivalent irreducible Ad(K)-submodules are the pairs of Type A and B presented in Table 1 of the Introduction.
Proof.
Step 1. We follow the notation of [AlAr] or [ACh3] (see also [GOV] ) for the root systems of the simple Lie algebras, their fundamental systems of simple roots and the associated expressions of the highest rootα,
which determines the flag manifold M = SO(2ℓ + 1)/(U(1) × U(p) × SO(2(ℓ − p − 1) + 1)) with 2 ≤ p ≤ ℓ − 1 and ℓ ≥ 3. Let n be a B-orthogonal complement of the isotropy subalgebra k in g = so(2ℓ + 1), that is g = k ⊕ n with [k, n] ⊂ n. We will prove that the Ad(K)-module n ∼ = T o M decomposes into a direct sum of five non equivalent Ad(K)-submodules n i (i = 1, . . . , 5) whose dimensions are given by (21). Let {e 1 1 , e 2 i , π j } be an orthonormal basis of R ℓ with 1 ≤ i ≤ p and 1 ≤ j ≤ ℓ − p − 1. The positive root system ∆ + of SO(2ℓ + 1) is given by (see [AlAr] )
We will denote a basis of simple roots by 
Let ∆(n) + t be the associated system of positive t-roots. Then it follows that ∆(n) + t = {α 1 , α p+1 , α 1 + α p+1 , 2α p+1 , α 1 + 2α p+1 }, and thus according to Proposition 3.5 (1) we obtain the decomposition
where the submodules n i are given by
The sets ∆ n (j 1 , j 2 ) are given by
Thus by applying Proposition 3.5 (2), we conclude that the dimensions of these submodules are given as follows:
Note that for p = ℓ − 1, that is Π n = {α 1 , α ℓ }, we have the following painted Dynkin diagram
The corresponding flag manifold M = SO(2ℓ + 1)/ U(1) × U(ℓ − 1) (ℓ ≥ 3) has also five isotropy summands. However, note that the relation (α 1 , α 1 ) = (α p+1 , α p+1 ) (3 ≤ p ≤ ℓ − 2) is no longer true. It means that for the case p = ℓ − 1 the painted black simple roots have different lengths.
Case of B ℓ = SO(2ℓ + 1) : Type B. We now assume that the pair (Π, Π 0 ) is of Type B, that is Π\Π 0 = Π m = {α p , α p+1 : 2 ≤ p ≤ ℓ − 1}. This choice corrsponds to the following painted Dynkin diagram:
which also defines the flag manifold M = SO(2ℓ + 1)/(U(1) × U(p) × SO(2(ℓ − p − 1) + 1)) with 2 ≤ p ≤ ℓ − 1 and ℓ ≥ 3. Let g = k ⊕ m be a reductive decomposition of g = so(2ℓ + 1), with respect to B. Similarly with Type A, we consider an orthonormal basis of R ℓ given by {e 1 i , e 2 1 , π j } with 1 ≤ i ≤ p and 1 ≤ j ≤ ℓ − p − 1. Then, a system of positive roots is given by
In this case, we denote a base of simple roots by Π(m)
The root system of the semisimple part of the isotropy subgroup K is given by ∆ 
where ∆(m)
+ t is the associated system of positive t-roots. Here the coefficients c p , c p+1 are such that 0 ≤ c p ≤ 2, and 0 ≤ c p+1 ≤ 2, and they are not simultaneously equal to zero. By expressing the complementary roots in terms of simple roots we conclude that ∆(m)
Thus, by applying Proposition 3.5 (1) we conclude that the associated isotropy representation decomposes into a direct sum of five isotropy summands, i.e.
By applying Proposition 3.5 (2) we obtain that
Note that for p = 1 the space M = SO(2ℓ + 1)/(U(1) × U(1) × SO(2(ℓ − 2) + 1)) has four isotropy summands ([ACh3] ). On the other hand, the case p = ℓ − 1 corresponds to the painted Dynkin diagram Γ(Π m ) with
The corresponding flag manifold M = SO(2ℓ + 1)/ U(ℓ − 1) × U(1) (ℓ ≥ 3) satisfies decomposition (22) as well, but in this case the painted black roots are such that (α ℓ−1 , α ℓ−1 ) = 2(α ℓ , α ℓ ), i.e. they have different length.
Case of D ℓ = SO(2ℓ) : Type A. Let Π\Π 0 = Π n = {α 1 , α p+1 : 2 ≤ p ≤ ℓ − 3}. This choice corresponds to the painted Dynkin diagram
Similarly with the previous cases we obtain that the positive t-roots are given by ∆(n) + t = {α 1 , α p+1 , α 1 + α p+1 , 2α p+1 , α 1 + 2α p+1 } and according to Proposition 3.5 (1) we obtain the decomposition (18) where the submodules n i are determined by (19).
By applying Proposition 3.5 (2) we obtain the dimensions of n i :
Case of D ℓ = SO(2ℓ) : Type B. We now examine the pair (Π, Π 0 ) of Type B corresponding to D ℓ , that is Π\Π 0 = Π m = {α p , α p+1 : 2 ≤ p ≤ ℓ − 3}. This choice corresponds to the painted Dynkin diagram
which also determines the flag manifold M = SO(2ℓ)/(U(1)× U(p)× SO(2(ℓ − p− 1))), with 2 ≤ p ≤ ℓ − 3 and ℓ ≥ 5. It follows that ∆(m) + t = {α p , α p+1 , α p + α p+1 , α p + 2α p+1 , 2α p + 2α p+1 }, and by using Proposition 3.5 we conclude that the dimensions of these submodules are given as follows:
Case of E 6 : Type A. The highest rootα of E 6 is given byα = α 1 +2α 2 +3α 3 +2α 4 +α 5 +2α 6 . Thus, for E 6 we find two pairs (Π, Π 0 ) of Type A, which determine flag manifolds with five isotropy summands, namely the choices Π\Π 0 = {α 1 , α 4 } and Π\Π 0 = {α 2 , α 5 }. They correspond to the painted Dynkin diagrams
which both define the flag manifold E 6 / SU(4) × SU(2) × U(1) 2 . However, there is an outer automorphism of E 6 4 which makes these painted Dynkin diagrams equivalent (see [BFR] ). Thus we will not distinguish these two pairs (Π, Π 0 ) and we will work with the first one. Let n be the B-orthogonal complement of the isotropy subalgebra k in e 6 . For the root system of E 6 we use the notation of [AlAr] , where all positive roots are given as linear combinations of the simple roots Π = {α 1 , . . . , α 6 }. The root system of the semisimple part of the isotropy subgroup K is given by ∆ + 0 = {α 2 , α 3 , α 5 , α 6 , α 2 + α 3 , α 3 + α 6 , α 2 + α 3 + α 6 }, thus
α1 + 2α2 + 3α3 + 2α4 + α5 + 2α6 α1 + α2 + α3 + α4 + α6 α2 + 2α3 + 2α4 + α5 + α6 α1 + 2α2 + 3α3 + 2α4 + α5 + α6 α1 + α2 + α3 + α6 α2 + 2α3 + α4 + α5 + α6 α1 + 2α2 + 2α3 + 2α4 + α5 + α6 α1 + α2 + α3 + α4 + α5 α2 + 2α3 + α4 + α6 α1 + 2α2 + 2α3 + α4 + α5 + α6 α1 + α2 + α3 + α4 α2 + α3 + α4 + α5 + α6 α1 + 2α2 + 2α3 + α4 + α6 α3 + α4 + α5 α2 + α3 + α4 + α6 α1 + α2 + 2α3 + 2α4 + α5 + α6 α3 + α4 + α6 α2 + α3 + α4 + α5 α1 + α2 + 2α3 + α4 + α5 + α6 α3 + α4 α2 + α3 + α4 α1 + α2 + 2α3 + α4 + α6 α4 + α5 α1 + α2 + α3 α1 + α2 + α3 + α4 + α5 + α6 α4 α1 + α2 α1 α3 + α4 + α5 + α6
n . Since Π n = {α 1 , α 4 }, by applying relation (17) we obtain that κ(α) = c 1 α 1 +c 4 α 4 , where the numbers c 1 , c 4 are such that 0 ≤ c 1 , c 4 ≤ 2. So, by using (26), we easily conclude that the positive t-roots are given by ∆(n) + t = {α 1 , α 4 , α 1 + α 4 , 2α 4 , α 1 + 2α 4 }, and thus according to Proposition 3.5 (1), we obtain the decomposition (18) where the sumbodules n i are defined by (19). The sets ∆ n (j 1 , j 2 ) are given explicitly as follows:
∆ n (0, 1) = {α4, α3 + α4, α4 + α5, α2 + α3 + α4, α2 + α3 + α4 + α5, α3 + α4 + α5, α3 + α4 + α5 + α6, α3 + α4 + α6, α2 + α3 + α4 + α6, α2 + 2α3 + α4 + α6, α2 + α3 + α4 + α5 + α6, α2 + 2α3 + α4 + α5 + α6}, ∆ n (1, 1) = {α1 + α2 + α3 + α4, α1 + α2 + α3 + α4 + α5, α1 + α2 + α3 + α4 + α6, α1 + α2 + 2α3 + α4 + α6, α1 + α2 + α3 + α4 + α5 + α6, α1 + α2 + 2α3 + α4 + α5 + α6, α1 + 2α2 + 2α3 + α4 + α5 + α6, α1 + 2α2 + 2α3 + α4 + α6}, ∆ n (0, 2) = {α2 + 2α3 + 2α4 + α5 + α6}, ∆ n (1, 2) = {α1 + α2 + α3 + 2α4 + α6, α1 + 2α2 + 3α3 + 2α4 + α5 + α6, α1 + 2α2 + 2α3 + 2α4 + α5 + α6, α1 + 2α2 + 3α3 + 2α4 + α5 + 2α6}.
By applying Proposition 3.5 (2) we easily conclude that
Case of E 6 : Type B. The flag manifold E 6 / SU(4) × SU(2) × U(1) 2 is also defined by two pairs (Π, Π 0 ) of Type B, given by Π\Π 0 = {α 4 , α 6 } and Π\Π 0 = {α 2 , α 6 }. They correspond to the painted Dynkin diagrams
Note that there is also an outer automorphism of E 6 which makes these painted Dynkin diagrams equivalent ( [BFR] ), and thus we can work with the first pair (Π, Π 0 ) only. By similar method we obtain that the positive t-roots are ∆(m) + t = {α 6 , α 4 , α 6 + α 4 , α 6 + 2α 4 , 2α 6 + 2α 4 } and thus according to Proposition 3.5 (1), we obtain the decomposition (22) where the dimensions of the submodules m i are given as follows:
Case of E 7 : Type A. Recall that the highest rootα of E 7 is given byα = α 1 + 2α 2 + 3α 3 + 4α 4 + 3α 5 + 2α 6 + 2α 7 . Consider the pair (Π, Π 0 ) with Π\Π 0 = {α 1 , α 7 }. This choise corresponds to the painted Dynkin diagram
which determines the flag manifold E 7 / SU(6) × U (1) 2 . Let n be a B-ortogonal complement of e 7 . By using the expressions of positive roots of E 7 in terms of the simple roots Π = {α 1 , α 2 , α 3 , α 4 , α 5 , α 6 , α 7 } (see [FrdV] or [Chr1] ) and by applying (17), we easily conclude that the positive t-roots are given by ∆(n) + t = {α 1 , α 7 , α 1 + α 7 , 2α 7 , α 1 + 2α 7 }. Thus according to Proposition 3.5 (1) we obtain the decomposition (18), and the dimensions of the submodules n i are given as follows:
Case of E 7 : Type B. The flag manifold E 7 / SU(6) × U(1) 2 is also defined by a pair (Π, Π 0 ) of Type B, explicitely given by Π\Π 0 = {α 6 , α 7 }. It corrresponds to the painted Dynkin diagram
In this case the positive t-roots are given by ∆(m) + t = {α 6 , α 7 , α 6 + α 7 , α 6 + 2α 7 , 2α 6 + 2α 7 } and according to Proposition 3.5 (1), the B-orthogonal complement m decomposes as (22), where the submodules m i have dimensions
Step 2. By using [ACh3, Prop. 5] and Step 1 of the proof we have completed the study of all possible pairs (Π, Π 0 ) of Type A. On the other hand, and due to the form of the highest root of the classical simple Lie groups, we have also studied all possible classical flag manifolds of Types A and B (the symplectic Lie group Sp(ℓ) was treated in Example 3.6). Thus we now focus on pairs (Π, Π 0 ) of Type B corresponding to exceptional Lie groups, which define flag manifolds with more than five isotropy summands. Hence these are not listed in Table 1 .
Case of E 6 . For this Lie group there exists one more pair (Π, Π 0 ) of Type B given by Π\Π 0 = {α 2 , α 4 }, which determines the flag manifold E 6 / SU(3) × SU(2) × SU(2) × U (1) 2 . The isotropy representation of this space decompsoses into six isotropy summands, since we find six positive t-roots given by {α 2 , α 4 , α 2 + α 4 , α 2 + 2α 4 , 2α 2 + α 4 , 2α 2 + 2α 4 }.
Case of E 7 . In this case there are two more pairs (Π, Π 0 ) of Type B, namely the pairs Π\Π 0 = {α 2 , α 7 } and Π\Π 0 = {α 2 , α 6 } which determine the flag manifolds E 7 / SU(5)×SU(2)×U (1) 2 and E 7 / SO(8)×SU(2)× U (1) 2 respectively. Both of these flag manifolds have six isotropy summands, since the associated positive t-roots are given by {α 2 , α 7 , α 2 + α 7 , 2α 2 + α 7 , α 2 + 2α 7 , 2α 2 + 2α 7 } and {α 2 , α 6 , α 2 + α 6 , 2α 2 , 2α 2 + α 6 , 2α 2 + 2α 6 } respectively.
Case of E 8 . The highest rootα of E 8 is given byα = 2α 1 + 3α 2 + 4α 3 + 5α 4 + 6α 5 + 4α 6 + 2α 7 + 3α 8 . Thus for E 8 there exists only a pair (Π, Π 0 ) of Type B, given by Π\Π 0 = {α 1 , α 7 }. It determines the flag manifold E 8 / SO(12) × U (1) 2 which has six isotropy summands. Indeed, by expressing the positive roots in terms of simple roots (see [Chr1] or [FrdV] ), and by applying (17) we obtain six positive t-roots, namely {α 1 , α 7 , α 1 + α 7 , 2α 1 + α 7 , 2α 7 , 2α 1 + 2α 7 }.
Case of F 4 . The highest rootα of F 4 is given byα = 2α 1 + 3α 2 + 4α 3 + 2α 4 . Thus, the unique pair (Π, Π 0 ) of Type B is given by Π\Π 0 = {α 1 , α 4 }. It determines the flag manifold F 4 / SO(5) × U (1) 2 with six isotropy summands. Indeed, by using the expressions of positive roots in terms of simple roots (see [AlAr] ) and by applying (17) we obtain six positive t-roots, namely {α 1 , α 4 , α 1 +α 4 , 2α 1 +α 4 , 2α 1 , 2α 1 +2α 4 }.
The following corollary in now immediate.
Corollary 4.3. The only generalized flag manifolds M with b 2 (M ) = 2 whose isotropy representation decomposes into five isotropy summands are those listed in Table 1 .
Corollary 4.4. Let M = G/K be a flag manifold of Type A with isotropy representation n = n 1 ⊕ n 2 ⊕ n 3 ⊕ n 4 ⊕ n 5 . Then the Ad(K)-modules n i satisfy the relations [n 1 ,
Proof. It is immediate by considering the T -root systems of the flag manifolds of Type A in the proof of Proposition 4.2.
4.3.
The isometry between flag manifolds of Type A and Type B. By using the analysis given in the previous paragraph, we will prove that for any simple Lie group G appearing in Table 1 , there is an isometry which makes the corresponding flag manifolds G/K with five isotropy summands of Type A and B, isometric as real manifolds. We will show that this isometry is obtained in a canonical way from the Weyl group W corresponding to (the root system of) G.
Theorem 4.5. For any Lie group G appearing in Table 1 , the correpsonding pairs (Π, Π 0 ) of Type A and B, define isometric flag manifolds (as real manifolds).
Proof. At first we consider a Dynkin diagram of type
Then there exists an element w0 of the Weyl group W of SU(p + 1) with w0(αi) = −αp+1−i for i = 1, . . . , p. In fact, w0 is given by
where s β is the reflection defined by a root β.
For a moment we write Π0(A) and Π0(B) for Π0 of Type A and Π0 of Type B and also write ∆0(A) and ∆0(B) for ∆0 of Type A and ∆0 of Type B respectively. Now for B ℓ and D ℓ we see that the pair (Π, Π0) is given by Πn = Π\Π0 = {α1, αp+1} (Type A) and Π\Π0 = Πm = {αp, αp+1} (Type B) and thus the painted Dynkin diagram of Type A and Type B contain a Dynkin subdiagram of type Ap, where p = 2, . . . , ℓ−1 for B ℓ and p = 2, . . . , ℓ−3 for D ℓ . We regard w0 as an element of the Weyl group of type B ℓ and D ℓ . Then we have w0(αp+1) = αp+1 + (α1 + · · · + αp) and w0(α p+k ) = α p+k for k = 2, . . . , ℓ − p, and it follows that w0 ∆0(A) = ∆0(B) and
For E6 the pair (Π, Π0) is given by Πn = Π\Π0 = {α1, α4} (Type A) and Π\Π0 = Πm = {α4, α6} (Type B) and thus the painted Dynkin diagrams of Type A and Type B contain a Dynkin subdiagram of type A4 :
. Let w0 be the element of the Weyl group W of SU (5) given by w0 = s α 2 +α 3 · s α 1 +α 2 +α 3 +α 6 . We regard w0 as an element of the Weyl group of type E6. Then we have that w0(α1) = −α6, w0(α2) = −α3, w0(α3) = −α2, w0(α6) = −α1, w0(α4) = α1 +2α2 +2α3 +α4 +α6 and w0(α5) = α5. Thus we get w0 ∆0(A) = ∆0(B) and w0
For E7 we see that the pair (Π, Π0) is given by Πn = Π\Π0 = {α1, α7} (Type A) and Π\Π0 = Πm = {α6, α7} (Type B) and thus the painted Dynkin diagrams of Type A and Type B contain a Dynkin subdiagram of type A6 :
. Let w0 be the element of the Weyl group W of SU (7) given by w0 = s α 3 +α 4 · s α 2 +α 3 +α 4 +α 5 · s α 1 +α 2 +α 3 +α 4 +α 5 +α 6 . We regard w0 as an element of the Weyl group of type E7. Then we have that w0(α1) = −α6, w0(α2) = −α5, w0(α3) = −α4, w0(α4) = −α3, w0(α5) = −α2, w0(α6) = −α1, w0(α7) = α1 + 2α2 + 3α3 + 3α4 + 2α5 + α6 + α7. TIt follows that w0 ∆0(A) = ∆0(B) and
Hence we get an isometry between the corresponding tangent spaces n (Type A) and m (Type B) and, therefore we obtain an isometry between flag manifolds of Type A and Type B.
Kähler-Einstein metrics
In computing the Ricci tensor for a generalized flag manifold M = G/K by using Riemannian submersions we will use the well known fact that M admits a finite number of G-invariant Kähler-Einstein metrics. Recall that if M = G/K is determined by a pair (Π, Π K ) with reductive decomposition g = k ⊕ m, then G-invariant complex structures are in one-to-one correspondence with invariant orderings ∆ [Bor, p. 625] ). Put Z t = Λ ∈ t 2(Λ, α) (α, α) ∈ Z for each α ∈ ∆ . Then Z t is a lattice of t generated by the fundamental weights Proposition 5.1. The G-invariant metric g 2δm on G/K corresponding to 2δ m is a Kähler Einstein metric which is given by
) with 2 ≤ p ≤ ℓ − 1 and ℓ ≥ 3, we see that 2δ n = (p + 1)Λ α1 + (2ℓ − p − 2)Λ αp+1 . Thus the Kähler Einstein metric g 2δn on G/K is given by
. Thus the Kähler Einstein metric g 2δn on G/K is given by
Example 5.4. Case of E 6 : Type A. Let Π\Π 0 = Π n = {α 1 , α 4 }. For the flag manifold M = E 6 /(U(4)× U(2)) we see that 2δ n = 5Λ α1 + 7Λ α4 . Thus the Kähler Einstein metric g 2δn on G/K is given by
Example 5.5. Case of E 6 : Type B. Let Π\Π 0 = Π m = {α 6 , α 4 }. For the flag manifold M = E 6 /(U(4)× U(2)) we see that 2δ m = 5Λ α6 + 6Λ α4 . Thus the Kähler Einstein metric g 2δm on G/K is given by
Example 5.6. Case of E 7 : Type A. Let Π\Π 0 = Π n = {α 1 , α 7 }. For the flag manifold M = E 7 /(U(1)× U(6)) we see that 2δ n = 7Λ α1 + 11Λ α7 . Thus the Kähler Einstein metric g 2δn on G/K is given by
Example 5.7. Case of E 7 : Type B. Let Π\Π 0 = Π n = {α 6 , α 7 }. For the flag manifold M = E 7 /(U(1)× U(6)) we see that 2δ m = 7Λ α6 + 10Λ α7 . Thus the Kähler Einstein metric g 2δm on G/K is given by
The Ricci tensor on flag manifolds with five isotropy summands
We now proceed to the calculation of the Ricci tensor r corresponding to a G-invariant metric (3) on G/K of Type A. In order to apply Lemma 2.1 we first need to find the non zero structure constants k ij of G/K. Due to the bracket relations in Corollary 4.4 we obtain that the non zero structure constant are
We write G-invariant metrics g on G/K as
where x j (j = 1, . . . , 5) are positive numbers. Put d i = dim n i for i = 1, . . . , 5. From Lemma 2.1 we obtain the following proposition.
Proposition 6.1. The components r i (i = 1, . . . , 5) of the Ricci tensor for a G-invariant Riemannian metric (31) on G/K are given as follows:
3 12
5 14
5 23
Let k be the subalgebra of g corresponding to the Lie subgroup K. We consider a subspace l = k ⊕ n 1 of g. Then l is a subalgebra of g and we have a natural fibration π : G/K → G/L with fiber L/K. We decompose p = p 1 ⊕ p 2 and q = q 1 , where p 1 = n 2 ⊕ n 3 = m 1,1 ⊕ m 1,2 , p 2 = n 4 ⊕ n 5 = m 2,1 ⊕ m 2,2 and q 1 = n 1 . We consider a G-invariant metric on G/K defined by a Riemannian submersion π :
and the metricǧ on G/Lǧ = y 1 B| p 1 + y 2 B| p 2 for positive real numbers y 1 , y 2 , z 1 . Note that, when we write the metric (33) as in the form (31), we have
From (32) we obtain the components r i of the Ricci tensor for the metric (34) on G/K as follows: We putd
. By Lemma 2.1 (cf. also [ACS3, p. 10] ) the componentsř 1 ,ř 2 of Ricci tensorř of a G-invariant metricǧ = y 1 B| p 1 + y 2 B| p 2 are given by
where 2 11 =d
Note that, in the notation of Lemma 2.3, we have that r (1,1) = r 2 , r (1,2) = r 3 , r (2,1) = r 4 and r (2,2) = r 5 . From Lemma 2.3 we see that the horizontal part of r (1,2) (= r 3 ) equals toř 1 and the horizontal part of r (2,1) (= r 4 ) equals toř 2 , and thus we get
We determine the structure constants k ij in each case.
Case of B ℓ = SO(2ℓ + 1) : Type A. In this case G = SO(2ℓ + 1),
Since the Kähler Einstein metric g 2δn on G/K is given by
we substitute the values (32) . Consider the components r 2 , r 3 , r 4 and r 5 of the Ricci tensor for these values. Then, from r 2 − r 3 = 0 and r 4 − r 5 = 0, we obtain 3 12
. Thus, from (36), we see that
we substitute the values (32) . Consider the components r 2 , r 3 , r 4 and r 5 of the Ricci tensor for these values. Then, from r 2 − r 3 = 0 and r 4 − r 5 = 0, we obtain
Note that we can put the cases of B ℓ and D ℓ together. Consider G = SO(m) and
Case of E 6 : Type A. (2) Since the Kähler Einstein metric g 2δn on G/K is given by
we substitute the values x 1 = 5, x 2 = 7, x 3 = 12, x 4 = 14, x 5 = 19 into (32). Consider the components r 2 , r 3 , r 4 and r 5 of the Ricci tensor for these values. Then, from r 2 − r 3 = 0 and r 4 − r 5 = 0, we obtain 3 12 = 2, 5 14 = 1 3 .
Case of E 7 : Type A. Since the Kähler Einstein metric g 2δn on G/K is given by
we substitute the values x 1 = 7, x 2 = 11, x 3 = 18, x 4 = 22, x 5 = 29 into (32). Consider the components r 2 , r 3 , r 4 and r 5 of the Ricci tensor for these values. Then, from r 2 − r 3 = 0 and r 4 − r 5 = 0, we obtain 3 12 = 10 3 , 5 14 = 1 3 .
Einstein metrics on flag manifolds with five isotropy summnads
We consider the system of equations:
r 1 = r 5 , r 2 = r 3 , r 3 = r 4 , r 4 = r 5 .
Case of E 6 : Type A.
The components r i (i = 1, . . . , 5) of the Ricci tensor for a G-invariant Riemannian metric (31) on G/K are now given as follows:
x 4 x 2 2 + 1 24
x 2 x 5 , r 3 = 1 2x 3 + 1 16
From r 1 − r 5 = 0, we see that
Case of x 5 = x 1 . We normalize our equations by setting x 1 = 1. We see that the system of equations (37) reduces to the following system of polynomial equations:
To find non zero solutions of equations (39) we consider a polynomial ring R 1 = Q[y, x 2 , x 3 , x 4 ] and an ideal I 1 generated by
We take a lexicographic order > with y > x 2 > x 3 > x 4 for a monomial ordering on R 1 . Then a Gröbner basis for the ideal I 1 contains the following polynomials: By solving the first equation h 1 = 0 for x 4 numerically we obtain exactly four real solutions which are approximately given by x 4 ≈ 0.1882101376884833, x 4 ≈ 0.3421847475947193, x 4 ≈ 1.334632880397468 and x 4 ≈ 1.601718258421132. We substitute these values for x 4 into the second and third equation h 2 = 0, h 3 = 0 and we get real solutions of the equations (37) which are approximately given by 1) x 1 = 1, x 2 ≈ 0.7945133013133368, x 3 ≈ 0.6083856170340604, x 4 ≈ 0.1882101376884833, x 5 = 1, 2) x 1 = 1, x 2 ≈ 1.366407998279779, x 3 ≈ 1.632222678282746, x 4 ≈ 0.3421847475947193, x 5 = 1, 3) x 1 = 1, x 2 ≈ 0.7499994899122792, x 3 ≈ 0.6673176327222041, x 4 ≈ 1.334632880397468, x 5 = 1, 4) x 1 = 1, x 2 ≈ 1.590451006762520, x 3 ≈ 1.633523267052982, x 4 ≈ 1.601718258421132, x 5 = 1.
We substitute these values for {x 1 , x 2 , x 3 , x 4 , x 5 } into (38) and get 1) r 1 = r 2 = r 3 = r 4 = r 5 ≈ 0.4957209368544092, 2) r 1 = r 2 = r 3 = r 4 = r 5 ≈ 0.2949577540873313, 3) r 1 = r 2 = r 3 = r 4 = r 5 ≈ 0.4702440377042893, 4) r 1 = r 2 = r 3 = r 4 = r 5 ≈ 0.2646548256739946.
Thus, in this case we obtain four Einstein metrics with Einstein constant 1:
Case of x 5 = x 1 . We normalize our equations by setting x 1 = 1. We see that the system of polynomial equations (37) reduces to the following system of polynomial equations:
To find non zero solutions of equations (40), we consider a polynomial ring R 2 = Q[y, x 2 , x 3 , x 4 , x 5 ] and an ideal I 2 generated by {p 1 , p 2 , p 3 , p 4 , yx 2 x 3 x 4 x 5 − 1}.
We take a lexicographic order > with y > x 2 > x 5 > x 3 > x 4 for a monomial ordering on R 2 . Then a Gröbner basis for the ideal I 2 contains a polynomial For the case when (5x 4 − 22)(5x 4 − 14)(17x 4 − 22)(19x 4 − 14) = 0, we consider ideals I 3 , I 4 , I 5 , I 6 of the polynomial ring R 2 = Q[y, x 2 , x 3 , x 4 , x 5 ] generated by {p 1 , p 2 , p 3 , p 4 , y, x 2 x 3 x 4 x 5 − 1, 5x 4 − 22}, {p 1 , p 2 , p 3 , p 4 , y, x 2 x 3 x 4 x 5 − 1, 5x 4 − 14}, {p 1 , p 2 , p 3 , p 4 , y, x 2 x 3 x 4 x 5 − 1, 17x 4 − 22}, {p 1 , p 2 , p 3 , p 4 , y, x 2 x 3 x 4 x 5 − 1, 17x 4 − 14} respectively.
We take a lexicographic order > with y > x 2 > x 5 > x 3 > x 4 for a monomial ordering on R 2 . Then Gröbner bases for the ideals I 3 , I 4 , I 5 , I 6 contain polynomials {5x 4 − 22, 5x 3 − 6, 5x 5 − 17, 5x 2 − 11}, {5x 4 − 14, 5x 3 − 12, 5x 5 − 19, 5x 2 − 7},
respectively. Thus we obtain the following solutions of equations (40): We normalize these solutions as follows:
1) x 1 = 5, x 2 = 11, x 3 = 6, x 4 = 22, x 5 = 17, 2) x 1 = 5, x 2 = 7, x 3 = 12, x 4 = 14, x 5 = 19,
3) x 1 = 17, x 2 = 11, x 3 = 6, x 4 = 22, x 5 = 5, 4) x 1 = 19, x 2 = 7, x 3 = 12, x 4 = 14, x 5 = 5.
and we get Kähler Einstein metrics for these values of x i 's. Note that the metrics corresponding to the cases 1) and 3) are isometric and the cases 2) and 4) are isometric. For the case when q 1 = 0 and (5x 4 − 22)(5x 4 − 14)(17x 4 − 22)(19x 4 − 14) = 0, we consider a ideal I 7 of the polynomial ring R 2 = Q[y, x 2 , x 3 , x 4 , x 5 ] generated by
We take the same lexicographic order > with y > x 2 > x 5 > x 3 > x 4 for a monomial ordering on R 2 . Then a Gröbner basis for the ideal I 7 contains the polynomial q 1 and polynomials of the form Thus we see that only the cases 1) and 2) correspond to Einstein metrics. We substitute these values for {x 1 , x 2 , x 3 , x 4 , x 5 } into (38) and get 1) r 1 = r 2 = r 3 = r 4 = r 5 ≈ 0.31855, 2) r 1 = r 2 = r 3 = r 4 = r 5 ≈ 0.571467.
Thus we obtain two Einstein metrics with Einstein constant 1:
Now we see that these two metrics are isometric.
Theorem 7.1. The flag manifold E 6 /(SU(4) × SU(2) × U(1) × U(1)) admits exactly seven E 6 -invariant Einstein metrics up to isometry. There are two Kähler-Einstein metrics (up to scalar) given by {x 1 = 5, x 2 = 7, x 3 = 12, x 4 = 14, x 5 = 19}, {x 1 = 5, x 2 = 11, x 3 = 6, x 4 = 22, x 5 = 17}. Case of E 7 : Type A. The components r i (i = 1, · · · , 5) of the Ricci tensor for a G-invariant Riemannian metric (31) on G/K are given as follows: x 5 x 2 x 3 − x 2 x 3 x 5 − x 3 x 2 x 5 + 1 72
By using similar method as for the case of E 6 we end up to the following:
Theorem 7.2. The flag manifold E 7 /(U(1) × U(6)) admits exactly seven E 7 -invariant Einstein metrics up to isometry. There are two Kähler-Einstein metrics (up to scalar) given by {x 1 = 7, x 2 = 11, x 3 = 18, x 4 = 22, x 5 = 29}, {x 1 = 7, x 2 = 17, x 3 = 10, x 4 = 34, x 5 = 27}. x 5 x 2 x 3 − x 2 x 3 x 5 − x 3 x 2 x 5 + p − 1 4(m − 2)
From r 1 − r 5 = 0, we see that (x 1 − x 5 ) (m − 2 − 2p)x 1 x 4 x 5 + (m − 2 − 2p)x 2 2 x 4 + (m − 2 − 2p)x 3 2 x 4 −2(m − 2)x 2 x 3 x 4 +2(p − 1)x 1 x 2 x 3 + 2(p − 1)x 2 x 3 x 5 ) = 0.
Case of x 5 = x 1 . We normalize our equations by setting x 1 = 1. We see that the system of polynomial equations (37) reduces to the following system of polynomial equations: f 1 = −(m − 2p)x 2 3 − (m − 4 − 2p)x 2 x 3 2 + (m − 2p)x 2 +2(m − 2)x 2 2 x 3 − 2(m − 2)x 2 x 3 − (p − 1)x 2 2 x 3 x 4 + (p − 1)x 3 x 4 = 0, f 2 = −2(m − 2)x 2 2 + 2(m − 2)x 2 x 3 + 2(p + 1)x 2 3 − 2(p + 1)x 2 x 3 2 +2(p − 1)x 2 − (p − 1)x 3 x 4 = 0, f 3 = −(m − 2 − 2p)x 3 x 4 2 + 2(m − 2)x 2 2 x 4 − 2p x 2 3 x 4 − 4(p − 1)x 2 2 x 3 +2p x 2 x 3 2 x 4 − 2p x 2 x 4 − 2 x 2 2 x 3 x 4 2 = 0.
To find non zero solutions of equations (45), we consider a polynomial ring R = Q[y, x 2 , x 3 , x 4 ] and an ideal I 1 generated by {f 1 , f 2 , f 3 , y x 2 x 3 x 4 − 1}.
and the head coefficient of h 1 (x 3 ) (that is the coefficient of degree 12) is given by 16(p + 1) 5 p 2 + 4p − 1 (p + 2)(m − 2p − 2) + p 2 + p 2 × 8(m − 2p − 2) 2 + 16p(m − 2p − 2) + p 3 + 5p 2 + 3p − 1 > 0.
We claim that there exists x 3 0 > 0 such that h 1 (x 3 0 ) < 0. Then we see that there exist at least two positive solutions of the equation h 1 (x 3 ) = 0. For fixed m we divide p into the following 4 cases:
(1) the case when 2 ≤ p ≤ m 4 (2) the case when 2 + 22366794926378575054826400937697869824(q − 2) +1012881211339770900930920976868179968.
